We consider the deterministic model with glassy behaviour, recently introduced by Marinari, Parisi and Ritort, with Hamiltonian H = P N i;j=1 J i;j i j , where J is the discrete sine Fourier transform. The ground state found by these authors for N odd and 2N + 1 prime is shown to become asymptotically degenerate when 2N + 1 is a product of odd primes, and to disappear for N even. This last result is based on the explicit construction of a set of eigenvectors for J, obtained through its formal identity with the imaginary part of the propagator of the quantized unit symplectic matrix over the 2-torus.
The factor 2 accounts for the orthogonality of J. Here N is odd and p = 2N + 1 prime, i.e. p is a prime of the form p = 4m + 3. In fact, in this case the ground state con guration can be explicitly computed 3] and is given by j = j p ! j = 1; : : : ; N.
Here j p for some positive constant K independent of l.
(2) The D distinct spin con gurations (l) j are obtained as follows
where (j) is the Jacobi symbol of j 2 Z p with respect to p = 2N + 1:
(here (k; p) denotes the MCD between k and p; (k; p) = 0 means that k is a multiple of p) and the number of zeroes of (j) behaves like We will recall later how the above properties allow us an immediate application of the argument of Parisi and Potters ( 4] , x4) to strongly support the conclusion that in this case there are D "crystal" states with properties analogous to the one existing for p = 4m + 3 prime.
In case (B) we consider the case analogous to that of 3], namely p = 2N + 1 prime of the form 4m + 1, and show that J cannot admit eigenvectors whose components are all of the form 1 in correspondence to the eigenvalues 1. Hence the minimum of the energy quadratic form hu; Jui is never reached when u is a spin con guration, let alone the con guration of the Legendre symbol valid for p = 4m + 3. This represents (for such values of N) a rigorous proof of the conjecture of 4], and hence suggests disappearance of the above "crystal state" picture.
In the forthcoming Sect.2 we describe the number theoretic argument proving Properties (1), (2) and (3) by explicit veri cation that L is an absolute minimizer of the energy. As a consequence, L must necessarily be an eigenvector of the operator J de ned by (1.2) corresponding to the eigenvalue 1 (recall that J is a real orthogonal matrix so that its spectrum consists only of the eigenvalues 1). In analogy with this result, in the present case the basic step is represented by the construction of an eigenvector of the operator J whose components are all 1 or 0 because it is de ned by the Jacobi symbol .2) is separable for all k if is a primitive multiplicative character. Namely, one has
On the other hand, Theorem 2.1 of 7] states that, if is any real primitive character ?k
and this concludes the proof of the Lemma.
We proceed now to the construction of the real eigenvector of J with components ( 1; 0). for some K independent of s, and thus the ground state is asymptotically degenerate of order D as N ! 1. This concludes the veri cation of Assertions (1) and (2) . Therefore we can apply directly the results of the numerical analysis of 4] showing that (2.8) admits a solution with q = 0:92 for T < 0:400 to conclude that there D solutions with such q, which for N large enough will have free energy bigger than that of the parametric solutions as long as T > 0:178, and smaller for T < 0:178 so that the absolute minimum of the speci c free energy is also asymptotically degenerate. Therefore we can conclude that the picture of the "crystal" state should persist also in this situation, up to a degeneracy. The orthonormality of the eigenvectors is implied by the orthonormality of the vectors k;j and a simple computation based on (3.14).
It is now straightforward to obtain a complete system of eigenvectors of the sine would have non-zero components along each other, thus contradicting the orthogonality between V + and V ? . We thus end up with 2m linearly independent relations with integer coe cients among the 2m numbers s , and this contradicts their irrationality. This proves the statement as far as the matrix S is concerned, and the assertion for J follows immediately by antisymmetry. This proves the proposition.
Remark. The above argument applies also to any p = 4m + 1 non prime provided (a) V + and V ? have the same dimension and (b) Lemma 3.2 holds also for p non prime.
Property (a) holds for S, and hence for J, because the eigenspaces of F corresponding to the eigenvalues i and ?i have one and the same dimension; we are however unable to prove property (b), even though it looks natural, because the eigenvector construction of Proposition 3.1 requires p prime.
